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STRAIN INDUCED SLOWDOWN OF FRONT PROPAGATION IN 
RANDOM SHEAR FLOW VIA ANALYSIS OF G-EQUATIONS 


HONGWEI GAO 


Abstract. It is proved that for the 2-dimensional case with random shear 
flow of the G-equation model with strain term, the strain term reduces the 
front propagation. Also an improvement of the main result by Armstrong- 
Souganidis is provided. 


1. Introduction 


1.1. G-equations and strain effect. The G-equation is a well known model 
in the study of turbulent combustion. It is the level set formulation of interface 
motion laws in the thin interface regime. In the simplest model of the G-equation, 
the normal velocity of the interface equals a positive constant sl (which is called 
the laminar speed) plus the normal projection of the fluid velocity V{x)^ which 
gives the inviscid G-equation (in the general dimensional situation, we use x as 
spatial variable and t as time variable): 



( 1 . 1 ) 


In reality, inter-facial fluctuations appear in front propagation. So, there is a 
family of G-equations with different oscillation scales. 



(x, t) € R'^ X (0, oo) 
X € R'^ 


( 1 . 2 ) 


When V (x) is Z'^-periodic and nearly compressible, Xin-Yu [13] and Gardaliaguet- 
Nolen-Souganidis [3] independently proved that G'^(x, t) —>• G(x, t) locally uniformly 
and G solves the homogenized Hamilton-Jacobi equation: 


Gt + H{DG) = 0 (x, t) G R'^ X (0, oo) 

G(x,0) = Go(x) X G R*^ 


(1.3) 


The effective Hamiltonian H is called the turbulent flame speed or the turbulent 
burning velocity in combustion literature. For the stationary ergodic divergence- 
free flow V (x, uj) which is the gradient of a stream function that satisfies some 
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integrability condition, Nolen-Novikov m first proved homogenization for the 2 - 
dimensional case. Then for the general dimensional case, if V (x, lo) is divergence- 
free and has appropriately small mean, Cardaliaguet-Souganidis [5] proved the ho¬ 
mogenization. 

Since the flow will stretch or compress the front flame surface, the reaction 
over the flame front will be affected. Thus the laminar speed sl depends on the 
flame stretch and therefore can not be constant. To model the strain effect in the 
G-equation, people extend sl to sl cn ■ DV ■ n, where n represents the normal 
direction. Here the Markstein length c is proportional to the flame thickness. Hence 
the induced strain G-equation is mm 

DC^ T 

(1.4) Gt + V{x,uj) ■ DG + sl\DG\ + c-— ■S-DG = Q S := 

\L)G\ 

Some interesting questions are: 

(1) Can this strain G-equation be homogenized? 

(2) If yes, how does the strain term affect the turbulent flame speed H{p)l 

Remark 1.1. The strain G-equation (Ha is highly non-coercive and non-convex, 
which increase the difficulty of homogenization. 

When H is a 2-d periodic Cellular Flow, Xin-Yu m showed that due to the 
existence of a strain term, when the flow intensity (magnitude of V) is large enough, 
the effective Hamiltonian becomes zero. This means that under the effect of strain, 
the flame is quenched when the flow is too strong. 

In this short article, we investigate those questions for 2-d random Shear Flows 
V (x, uj) in the stationary ergodic setting. 


1.2. 2-d random Shear Flows. For the 2-d problem, we denote the space vari¬ 
able by {x,y) £ R^. Without loss of generality, we assume sl = 1. We study 
the problem under a random Shear Flow V = (v(y,cu),0) and assume v{y,u}) is 
stationary ergodic (See section 2 for precise definitions). 

Let p = {m,n), the cell problem, if it exists, becomes: 


(m -I- Gx){n + Gy)v' 


(m -k G^f + {n + GyY+v{y, u})-{m+G^)+c- - — , „ 

GxY -I- (n -I- GyY 

This can be reduced to a 1-d problem: 

(1.5) Jm^ + {n + Gy)^ + v{y, u})-m + c ^ = H{m, n, c) 

'' ^Jm^ + [n + GyY 


= H{m, n, c) 


So, it suffices to study the following 1-d Hamiltonian. Since the case m = 0 is 
trivial, let’s fix m 7 ^ 0, and we will denote iL(m,n, c) by H(n,c). As a function of 
p, the following Hamiltonian is not convex but it is level-set convex. 

TTf N /—5^ mpv'{x,u}) 

H [p, X, UJ, c) = V ™ + P + v[x, UJ) ■ m + c — : 

y'-I- p^ 


( 1 . 6 ) 
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In fact, 


(1.7) 


dH{p,x,u!,c) p^ + m?p+cv'm^ 
dp (rn? + 


For fixed x, u), c, ^ = 0 has a unique real root and lim ^ = —1, lim ^ = 1. 

p—^ — OO p^+OO ^P 

Thus the Hamiltonian is level-set convex(see (A2) in section 2). Actually, by the 
above facts, H is strictly level-set convex. This means that for each fixed x,u!,c, 
for any /i G R, {p : H(j>, x, uj, c) = p} has no interior point. 


1.3. Random homogenization of Hamilton-Jacobi equations with level- 
set convex Hamiltonians. Armstrong-Souganidis [1] proved random homoge¬ 
nization of the Hamilton-Jacobi equations with level-set convex Hamiltonians. In 
addition to level-set convexity they require more assumptions. Their proofs de¬ 
pend on the existence of a family of auxiliary functions G (^(R x R) that are 
nondecreasing in both of the arguments and satisfying 

(1.8) For all p ^ v, A\{p, v) < max{p, u} 


(1.9) H{\p + {1 - X)q,y,uj) ^ Ax{H{p,y,uj),H{q,y,u})) 

where p,q,y G R'^,a; G fl, for each 0 < Ai ^ A 2 ^ ^ A^^. However, the 

existence of A\ is not straightforward. 

So, it is not obvious if the Hamiltonian (fra satisfies (fra , (fra . However, based 
on a very simple modification of the method in [T] , we will show in section [2] that 
(fra , (fra are not necessary and random homogenization holds for any level-set 
convex Hamiltonian with general dimension. Actually, to prove the homogeniza¬ 
tion of 1-d Hamiltonian in section |31 we do not need the result of section m In 
fact, random homogenization of 1-d coercive Hamiltonian has been established by 
Armstrong- Tran-Yu[2] in separable case and extended by the author[7] to general 
coercive case. The following is our main result which will be proved in section 
[31 Throughout this paper, all solutions of PDFs are interpreted in the viscosity 
sense [B]. 

Theorem 1.2. For the 2-dimensional case in the the stationary ergodic setting 
with a shear flow V = {v{y, oj), 0) such that u(-, w) G (^““(R) and v{x, U!),v'{x, ui) G 
L°°(RxH). Then 

(1) The G-equation with strain term can be homogenized. 

(2) For any unit vector p = (m,n) G R^ and c > 0, 

F{{p) = F[(m,n) ^ F[{p,c) = F[(m,n,c) \m\ sup mv[y,ui) 

(y,a;)GR.xn 

( 3 ) If H{p) > |m| -I- sup mv{y,uj) and E[z;] = 0, then T[{p) = H{p,c) if 

(p,a;)GR.xn 

and only if mv = 0. 

Remark 1.3. Statement (2) means that the strain term reduces the turbulent 
flame speed. Since v' changes sign, this is not obvious at all. This result is consistent 
with concensus in combustion literature that the strain rate plays an important 
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role in slowing down or even quenching flame propagation[T2]. This fact has been 
observed by Xin-Yu m in the periodic setting. 


2. A REMARK ON HOMOGENIZATION OF LEVEL-SET CONVEX HAMILTONIANS 


In this section, we claim that random Hamilton-Jacobi equations with Hamilto¬ 
nians that are merely level-set convex can be homogenized. Here {x, t) G R'^ x R 
is the space-time variable. 


2.1. Assumptions. Consider the Hamilton-Jacobi equation 

j ut + H {Du, x,uj) = 0 {x, t) € R'^ X (0, oo) 

0 ) = uo(x) x G R”* 

For H, we assume: 

(Al) Stationary Ergodicity: There exists a probability space (H, J", P) and a 
group {TylygRd of J^-measurable, measure-preserving transformations H H, 
i.e. for any x,y G R^: 

Ta;+y = To; oTy and P[rj^(A)] = P[A] 

Ergodicity: 

AgT, t^{A) = A for every z G R‘‘ => P[A] € {0,1} 


Stationary: 


H{p, y, T^uj) = H{p,y + z, uj) 

(A2) Level-Set Convexity: For every (t/,a;) G R'^ x fl and p,q G R"^. 


H{^^^^,y,u:) ^ WL&y.{H{p,y,uj),H{q,y,uj)} 

(A3) Coercivity: 

lim ess inf H{p,y,uj) =+oo 

|p|—>-oo {y,uj)£ll^xQ 

(A4) Boundedness and Uniform Continuity: 

{H{-, •, w) : w € H} is bounded and equicontinuous on Br x R'^ for any i? > 0. 


2.2. Comparison Principle for Metric Problem. We adopt the same notations 
as in [1]; by stationary ergodicity, these are independent of random variable w. So, 
we suppress the random variable. 


C := {real-valued global Lipschitz functions in R'^} 
:= inf ess sup H{Dw,y) 

5 := (w € £ : lim = 0}, 

EKoo \y\ 


H{p) ■= inf esssup H{p + Dw,y) 


Notation 2.1. 
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For fixed x € and fi ^ id*, we consider the metric problem 


H{p + Dv,y)=fi R'^Xja;} 
v{x) = 0 


The idea in [T] to determine H{p) is to homogenize each level set of H. The 
main tool is a comparison principle(Proposition 3.1 of [T]) of the metric problem, 
and the proof of the comparison principle depends on the additional assumptions 
(HH) and (fm . For general level-set convex Hamiltonians, we cannot prove the 
same comparison principle. 

Since homogenization is closed under uniform limits, the following question 
arises: can we add a small perturbation to the level-set convex Hamiltonian such 
that the perturbed Hamiltonian satisfy and m, and then take the limit? 
This may work for a carefully constructed perturbation, but it does not work if 
we simply perturb H{p,x,u!) by H^{p,x,u!) := e|pp + H{p,x,uj) as the following 
simple example shows. 


Example 2.2. Consider d = 1 and H{p,x,uj) = H{p) defined by 


H{p) ■= < 


-P 

0 

-p+l 
{p-3 
Heip) ■■■■ 


p G (-00,0] 

pe (0,1] 
pe (1,2] 

p G (2,-foo) 
e\p\^ + H{p) 


Then for 0 < e <C 1, He{0) = = e > 0,H^{2) = 4e — 1 <0 violates 

the level-set convexity. So the perturbation may destroy the structure of level-set 
convexity. 

Fortunately, we observe that by the method introduced in [1] , wherever we need 
the comparison principle we actually only need the following weak version compar¬ 
ison principle. To prove the weak version comparison principle, level-set convexity 
is sufficient. 


Lemma 2.3 (Weak Comparison Principle). Assume H{p) < p < v < -|-oo and u, 
—V G USC{IV^) solve the following equation. 

(2.2) H{p + Du, y) ^p<u^H{p-\- Dv, y) in 'R‘^\K, K C R'^ compact 


with 

(2.3) 

Then 


|y|->oo \y\ 


(2.4) sup(m — v) = max(n — v) 

Remark 2.4. Without loss of generality, we only consider the case p = 0. 
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(A4) and // < by adding a function with arbitrary small gradient to we 
can assume without of loss of generality that: 

(2.5) A := liminf > 0 

\y\^^ \y\ 

(A3) ^ M is Lipschitz 3 a := limsup < oo 

lyl-^oo ^ 


Claim 1. A ^ a. 


Proof of the Claim. It suffices to prove J:={0^A^1:A^ Aa} = [0,1]. If 
a < 0, there is nothing to prove. Assume a > 0 and let s := sup/. Since I is 
closed, I = [0, sj. It suffices to show that for any A€/n[0, l),30<i5<Cl such 
that \ + 5 G I. ^ 

By the assumption //(O) < /i, we can choose w G S, such that 

H{Dw,y) < y, 

Fix i?, e > 0, let 0 < 5 < min{^, 1 — A}, and define 

My) :=^/WTW-R 


Define 

M := (A + 5)u + (1 
Then by level-set convexity. 


A — 5)w and v := v + ecfn 


H{Du,y) = H{{X + 6)Du + {1 — X — d)Dw,y) 
^ ma,x{H[Du, y),H{Dw,y)} 

By (A4), if we choose e 1, we have 

/r < H{Dv,y) 


lim inf 

\y\^oo 


V — U 

\y\ 


,. . „ (■y + e(t>R) - [(A 3- 5)u 3- (1 - A - 5)w] 

iimint--j—j- - 

lyKoo \y\ 




lim inf 

lyl-^-oo 


V — Xu 


\y\ 


03-e — i5-a — 0 



4>r M (1 - a - 6)w 

'\y\ ~ \y\~ \y\ 


So, u — V attains its maximum in a bounded domain. And by the comparison 
principle in bounded domain. 
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Which leads to 


( 2 . 6 ) 

So, 


(A + S)u + (1 — A — 6)w — V ^ nmx ((A + 6)u + (1 






\y\ 


lyKoo \y\ 


= lim inf 


|y|-)-oo \y\ 


^ lim inf 

lyl-^-oo 

= 0 


— minfi; — u) 
K 

\y\ 


A — S)w — v) 
A — 6)w] 


So, I = [0,1], i.e. a. 


□ 


Proof of Lemma 2.3. Since / = [0,1], by argument similar to the one above, for 
any A G [0,1) 

(2.7) Au + (1 — \)w — V ^ nmx (Am + (1 — X)w — v) 

Letting A —>■ 1, we get the lemma. □ 


Remark 2.5. The following statements give the homogenization of general level- 
set convex Hamiltonians under (A1)-(A4). 

(I) In [T], the assumptions (II.8L (11.91) are only used to derive the comparison 
principle(Proposition 3.1 of [Tj). 

(II) The above proof of the weak comparison principle does not require (na, 

dEH). 

(III) The weak comparison principle is sufficient to obtain the homogenization. 
Actually, in [1], the comparison principle is used mainly in two places. One is the 
construction of a maximal solution of the metric problem, the other is the proof of 
homogenization where the comparison principle is used to control the convergence 
in the approximated cell problem. Wherever we need the comparison principle, the 
above weak version comparison principle is sufficient. 


3. The effect of strain term 

We will study the following more general Hamiltonians with (B1)-(B4). 

(3.1) H{p, X, uj, c) = \/ m? + -p cs(a;, w) • — ^ : -I- fc(x, uj) 

\Jm? -\- 

(Bl) Fix UJ Gfl, k{x,uj), s{x,uj) G C^(R) and k{x,uj), s{x,u}) G L^(R x H). 
(B2) Fix (jj G 12, if k(x,uj) achieves its local maximum value, then s{x,uj) = 0. 
(B3) The event {w G 12 : k[x,uj) or s(a;,a;) is constant} is not of probability 1. 
(B4) k{x,uj) and s(x,w) are stationary. For any x G R, E[s(x,w)] = 0. 
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Remark 3.1. (1) The strain G-equation is a special case with k = mv and s = mv'. 

(2) We keep the existence of {t 2 } 2 gr, which is ergodic. By this fact and (Bl)- 
(B4), without loss of generality, we can assume there are k < k, s < 0 < s, such 
that for all a; G n, 

inf k{x,uj) = k, swp k{x,uj) = k, inf s{x,uj) = s, sup s(a;, w) = s 
a;gR a:GR 


(3) Since H{-,x,uj,c) is level-set convex and rmnH{p,x,u!,c) ^ |m| -|- fc, there 

pGR 

exist p-{x,uj,c) ^ p+{x,uj,c) and p_, p+ that are continuous functions of x with 
{p : H{p,x,uj,c) > \m\ + k} = {—oo,p-{x,uj,c)) U (p+(a;, w, c), oo) 


(4) By the homogenization result in [T], the following is true: for a.e. w G and 
any (5 > 0, if is the unique viscosity solution of 

6u^ + H{p + {u^y, x,uj, c) = 0, 

then we have 

(3.2) \im.—5u^ {Q^lo) = H{p,c). 

Without loss of generality, we can assume this statement is true for every lo € fl. 

(5) It is easy to see = min H{p,c) = \m\ + k. By level-set convexity of 

pGR 

H (p, c), there exist p_ (c) ^ p_|_ (c) with 

{p : H{p,c) > \m\+^ = (-oo,p_(c)) U (p+(c),oo) 


(6) We will show (from Lemmato Lemma lT5ll that if H{p, c) > iL,, for fixed 
WjC, the following cell problem has a sub-linear solution j{x,u},c). 

(3.3) H{p + j,x,uj,c) = H{p,c) 


(7) Cell problems (13.311 do not have solutions (see [5]) in general. Here in 
the 1-dimensional level-set convex setting, the above remark (6) says for those 
H{p, c) > iL,, cell problems do have solutions. More generally, in the 1-dimensional 
coercive situation, if H[p) is not a local extreme value, the solution of the cell prob¬ 
lem at p G R always exists (see [2]). As for those H{p,c) = ff*, the identity (13.21) 
can be obtained by using comparison principle (see [5]). 

(8) From Lemma 13.21 to Lemma 13.51 we always fix c. In Theorem 13.61 we fix 
p = (m, n) and study how H(p, c) depends on c. 
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Lemma 3.2. Fix c € [0,c»). For any /i € there exists a unique P+{fj,,c), 

such that for each oj, the equation 

+y{x,uj,c),x,u;,c) = ^ 

[P+(pi,c) + 7 '(x,w,c) >p+(x,w,c) 

admits a viscosity solution j{x,u!,c) and for a.e. uj € ft, 7 (x,w,c) is sub-linear. 
Proof. For each /i > 77,, consider the equation 

H{u'{x,UJ,c),X,U!,c) = /X 

By the fact that min 77 ( 7 », a;,a;,c) ^ 77, and F[{p,x,iij,c) is strictly level set 
pGR 

convex. There are exactly two solutions of u'{x,uj,c), one is less than p-{x,uj,c), 
the other is greater than p+{x,uj,c). We choose the latter one, by stationary of 
77, u'(x,uj,c) is stationary. By smoothness of 77(-,-,u;,c) and p > 77,, u'{x,ui,c) 
is smooth with respect to x, so by continuity, we always have that u'{x,uj,c) > 
p+{x,uj,c). 

Since 77(p, x, uj, c) is coercive with respect to p, uniformly with respect to x S R, 
u'{x,u!,c) is bounded. We can define 

P+{p,c) := E[u'(x,a;,c)] 

Due to the stationary of u', the expectation is independent of x and is uniquely 
defined for each c ^ 0 and p > Fl^^. 

Then we define the function 


7 ( 0 ;, w, c) := u(x, u), c) — P+{p, c) ■ X 

Then 'E\'y'{x, uj, c)] = 0 and by sub-additive Ergodic Theorem, for a.e. uj G ft, 
'y{x,uj,c) -j{0,uj,c) 


lim 

|a;|—>-oo 


lim -i- / 7 '(s,w,c)ds = E[7'(0 ,w,c)] = 0 
xl-^oo \x\ Jq 


Fl b 

Hence for a.e. w € H, 'y{x,uj,c) is sub-linear and this is the desired solution. □ 


By the same argument, we have: 

Lemma 3.3. Fix c G [0,oo). For any p G (77,, 00 ), there exists a unique P-{p,c), 
such that for each u), the equation 

\H{P-{p,c) -\-j'{x,u},c),x,uj,c) = p 
\P-{p,c) -\-j'{x,u},c) < p-{x,uj,c) 

admits a viscosity solution 7 (x,w,c) and for a.e. uj G ft, ^(x,uj,c) is sub-linear. 

Proposition 3.1. Fix c G [0, -|-oo). The function P+{p,c) : (77,,-|-oo) — R has 
the following properties: 

(1) P+{p,c) is strictly increasing. 

(2) P+{p,c) is continuous. 

(3) lim P_|_(p, c) =-boo. 

>- + 00 
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Proof. (1) Since i/(p, x, uj, c), as a function oip, is strictly increasing on (j)+{x, to, c), +oo), 
and it’s uniformly continuous. So 

i?, < All < M 2 < oo P+(mi,c) < P+(/i 2 ,c) 

(2) Suppose Mn, M ^ (P*,+oo) and pn ^ fJ- 8.S n ^ oo. Accordingly, we can 
solve u'^ and u' by Lemma [221 

H{u'^{x,uj,c),x,w,c) = Mn 

H{u'{x,U!,c),X,UJ,c) = M 


For each fixed {x,uj,c) S R x fl x R+, by the fact that H{-,x,uj,c) is smooth 
and strictly increasing on (p+(a;, w, c),+oo), we have lim u'^(x,u!,c) = u'{x,uj,c), 

n—>-oo 

by bounded convergence theorem, lim E[u^(x, w, c)] = E[u'(a;, w, c)]. 

n—>-oo 

Thus, lim P+(Mn, c) = P+(m, c). 

n—^oc 

(3) If P+(/i) c) is bounded, since k[x,ui), s(x,cu) are uniformly bounded and then 
H{P^{p,c),x,uj,c) is uniformly bounded. Let E[ 7 '(x,w)] = 0 and j(x,uj) solves 

H (P+ (m, c) +Y,x,uj,c) = p 

Since 7 (x, ui) is sub-linear and smooth. For any e > 0, there is some interval 
{a{p),b{p)) on which \^'\ < e(Otherwise, by continuity, 7 will be at least linear 
growth at infinity). So H{P^{p, c)+y, x, ui, c) is uniformly bounded on (a(/i), b{p)), 
this gives a contradiction when /i —> -l-oo. □ 

Similarly, we can prove: 

Proposition 3.2. Fix c G [0, +00). The function P-{fJ., c) : (P*, -l-oo) —!> R has 
the following properties: 

(1) P-{pL,c) is strictly decreasing. 

(2) P_ (m, c) is continuous. 

( 3 ) lim P_(m,c)=—00. 

/i—>-+oo 

Definition 3.4. By the above propositions of P+{p,c) and P-{iJ.,c), we denote 
their inverse functions by {p, c) and /i- {p^ c) ■ 

P+{p,c) : (inf P+(M,c),-hoo) —S> (P,,-hoo) 


p-{p,c) : (-oo,supP_(/i,c)) —)■ (P,,-|-oo) 

And then we can define the continuous level-set convex function c). 


m(p,c) := < 


M- (p, c) 

if p G (—oo,supP_(M, c)) 

fl 

P, 

if p G [sup P_ (m, c), inf P+ (p, c)] 

fl ^ 

P+(.P,c) 

if p € (inf P+(^, c), -hoc) 


Lemma 3.5. ii{p,c) = H{p,c) 
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Proof. By the existence of cell problem, /r(p, c) = H {p, c)^\/p € (— 00 , sup P_ {p, c))U 

_ _ 

(inf c),+ 00 ). By level-set convexity of H{p,c) and H{p,c) > iJ,, we have 

_M _ _ 

iJ(p,c) = H,, Vp G [supP_(/x,c), inf P+(/i,c)]. So p(p, c) = iJ(p, c). □ 

fj. r- 

The next theorem is aimed to study the dependence of H(n,c) on c. As men¬ 
tioned under (I1.5L H{n,c) is equal to H{m,n^c) in the original 2-d problem. We 
will fix a unit vector (jn,n) G and denote h(c) := H{n,c) = H{m,n,c) in the 
following theorem. 

Theorem 3.6. Under (B1 )-(B4), fix a unit vector {m,n) G with mn 0. 

(1) h(c) G C'°’^(R+) and ||s|| := ||s(x, w)||i,oo (RxO) is the Lipschitz constant. 

(2) h'{c) ^ 0 for a.e. c G (0, 00 ). If h{c) > h'{c) < 0. 

(3) There exists c > 0, when c>c, h{c) = R*. 

Proof. (1) Fix Cl, C 2 G (0,oo), then ^ h{ci), h{c 2 ) < 00 . For each 0 < i5 1, 
let be the unique solutions of the following two equations. 


(3.4) 

Su^ + \/nP 

-b (n 

+ (n^)')2 + 

ci(n -b {u^y)s{x,uj) 

-b k{x, uj) = 0 

V 

-b (n -b 

(3.5) 

5v^ + \l ixU 

-b (n 

+ + 

C2(n -b {v^y)s{x,ijj) 

0 

II 

-b 

V 

-b (n -b (i;^)')^ 

By Remark l3.11 






lim 15 
<5-»-0 

u\0, 

Uj) + h{ci)\ 

= lim 5r''^(0, uj) + h(c 2 ) = 0 
(5—>0 


Since w{x,uj) := v + y||s|||c 2 — ci| is a super solution of (13.41) . By comparison 
principle, Su^ ^ Sv^ -I- ||s|||c 2 — ci|, similarly, Sv^ ^ Su^ -|- ||s|| |c 2 — ci |, thus 

|5u'^(0,a;) - i5n^(0,a;)| ^ ||s|||c 2 - ci| 

Let i5 —>■ 0, we get 

|h(c 2 ) - h(ci)| < ||s|||c 2 - Ci| 

(2) Fix Co > 0. Without of loss of generality, we assume n > 0. Lipschitz 
function is differentiable a.e., so if /i(co) = R* and /i(co) is differentiable at cq, then 
h'(co) = 0. _ 

Now assume h(co) > iL» and denote f(t) := \/m^ + P. 

We will focus on the cell problem H{n + u',x,u},c) = h{c). 

By continuity, there is some e > 0, such that for c € U = {cq — e, cq -I- e) D R+, 
h{c) — R, has a positive lower bound. Since m(x, w, c) is smooth, n -I- u'{x, w, c) > 0 
has a positive lower bound. 

To show h'{co) < 0, we first show: 

Claim 1: For c G A (here t = n + u' in f{t)). 

{n + u'Y + mfi[n + u') + cs{x,uj)m? 

{m? -I- (n -b 


(3.6) 


/' -b cs{x,u})f'' 
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To prove Claim 1, it suffices to show {n + u') + cs{x,uj) > 0. 
By the fact that iJ* = \m\ +k and 


\/ m? + (n + u'Y + 


c(n + u')s(x, uj) 
y/m? + (n + m')2 


+ k{x, Uj) = h{c) > i?. 


We have 


, -=- 7 -, , cin + u')s{x,uj) 

y/m? + {n + u'Y — |™| H-> 0 

yj mP + {n + u'Y 


This is equivalent to 


(n + u') 


t\2 


^ c{n + u')s{x,u}) 
y/mP + (n + u')^ + \m\ y/m? + (n + u')^ 


> 0 


So 


{n + u'Y + c{n + u')s{x) {n + u'Y c{n + u')s{x,ijj) 

y/'m? + (n + u')2 + (n + m')^ + (n + it')^ 

Which means 

(n + u'){n + u' + cs(x,uj)) > 0 

The fact that n + m' > 0 implies n + u' + cs(x, ui) > 0. Thus Claim 1 is proved. 


Immediately, we have: 
(3.7) 


E 


1 

-/' + cs{x,uj)f". 


> 0 


(n + u') 


03 


The fact that 

(n + u')^ + rri^in + u') + cs(x,uj)m‘^ 

f + cslx, U})f” = - - - -i- - - 3 ' ' - > 

{m‘^ + {n + u')^)i (m2 + (n + u')") 

implies /' + cs{x,uj)f" has a positive lower bound. And the fact that 

n + u' 


f'{n + u') = 


\J m2 + (n + u'Y 


3 

2 


implies f'{n + u') has a positive lower bound. 
If we denote 


a(x, w, c) 


c/" m^c 

/' (n + u')(m2 + (n + u')2) 


Then by dividing /' in (13.61) . 


1 + a(x,uj,c)s(x,uj) > 0 has a positive lower bound 

Now, the cell problem can be rewritten as (13.81) . Since F(t) := f{t) + csf'{t) + k 
is smooth and increasing with respect to t = n + u'{x,uj,c) and h{c) G C'°’^(R+), 
u' = F~^{h{c)) — n is differentiable a.e. with respect to c. 

(3.8) f{n + u'{x, uj,c)) + cs{x, uj)f'{n + u'{x, w, c)) + k{x, oj) = h{c) 
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(3.9) 


Differentiate it w.r.t. c gives: ^here ■§^{u') = w, c)) ^ 

1 s{x,uj) 


h’{c) 


d , ,, 
+ ) 


f'+ cs{x,u;)f'' 1 + a{x,uj,c)s{x,u;) dc 

The above positive lower bounds as well as the boundedness of h' and s{x,ui) 
implies that -§^{u') is bounded uniformly for {c,x,u}) G /<; x R x D. This will allow 
us to apply bounded convergence theorem in (13.111) . 

Taking expectation in (13.91) gives: 


/r'(co) • E 


1 


/' + cosix,u})f''i 


= E 


3(a:,u;) 


E 


^■^iu'){x,uj,co) 


-1 + a(a;, w, co)s(x, w). 

Choose Je 9 Cfe —>• Co, by bounded convergence theorem and the fact E[u'] = 0. 

u'{x,UJ, Ck) - u'(x,UJ, Co)' 


r 9 

E|^^(M')(a^i‘^:Co) 


lim 

. IcSCIc^Cq 


lim E 

>Co 


Cfc Co 

u'{x,U),Ck) - m'(x,W,Co) 


Ck — Co 


(3.10) E ^(M')(x,w,cn) = E 

(3.11) 

(3.12) = 0 

Recall that a(x, w, Co) > 0, 1 + a(x, w, co)s(x, w) > 0 and s{x,ui) is not a constant 
function, we have 


E 


s{x, Ul) 


. 1 + a{x, uj,co)s(x,uj). 



E 

+ 

E 

< 

E 

= 

E 

— 

0 


s(x, uj) 


rX{cL»:s(af,u;)>0} 


-1 + a(x, w, co)s(x, w) 
s(x,Iaj) 

I / \ / T X\uj:s(x,uj)^ 0} 

ll a[X,LJ^Co)s[x^LU) ^ JJ 

^(^7 ^)X{aj:s(a:;,a;)>0} ^ '^{^7‘^)X{cL>:s(a7,a;):^0} 


Combine these with dni), we can conclude: 

h'{co) < 0 

(3) Without loss of generality, let n > 0 and r := |s| = —s > 0. 

For each a; G fl, there are countable disjoint intervals {{li{u!),ri(uj)) : ri_i ^ 
h, i G Z} such that 

A{uj) := {x : s{x,uj) < -1} = (J {li{uj),ri{uj)) 

iGZ 


Denote 

B{uj) := R\A(u;) = |J [n{uj),li+i{uj)] 
ie z 

Since s(x,lj) < — ^ on A{bj), by the stationary of Xa(ui){x) and Xb{ui){x) we have 
for a.e. ui & Vl'. 


a := lim 

L —^-|-oo ZiTj 


XA{ui){x)dx = P w G D : s(0,a;) < 


T' 

2 . 
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By (B4) and Remark l3.ll a G (0,1). Now we can construct a smooth stationary 
function 'ip(x,uj) with ip{x,uj) = 0 on B{uj) and 


1 

n - k 

Then we will have 



i^{x, uj)dx 


n 2n 

— and 0 ^ ip{x,w) ^ — 
a a. 


I fL ^ pL ^ pO 

lim / ih{x,U})dx = lim — / ih{x,uj)dx = lim — / 'ih{x,uj)dx = n 

L—^+oo 2T J_]^ L—^+oo Ij Jq L—^+oo L J_i^ 

Let 4>'{x,lo) := tp(x,u}) — n, then 


lim 

|ai|—>-oo 


(t){,x,u)) - <?!>(0,w) 


1 r 

lim -j—r / (j}'{s,u;)ds = 0 

|a;| Jg 


Fl kl- 

Which means that for a.e. w S O, (j){x, w) is sub-linear. 


The derivative of ^(t) := ^i^h respect to t is * cs(x,i^) ^ 

-\/m +t (m^+t^) 2 

Let c := [(^)^ + > 0- For all x € A{oj), if c > c, then g'{t) < 0 for 

t G [0, ^]. By the construction of (j>, 

‘2iTi 

0 n + (j)'(x,u!) = ipix^ w) ^ — 

a 

And recall that supp(n -|- (j)'{x,uj)) C A{uj), then 


max < \/ im? -\- (n + 

xeR I 


c(n -I- 4)')s 
+ {n + (ji'Y 



^ max{|TO|-I-fc(a;, w)} 
= |m|-I-max fc(x, w) 

= F, 


If h{c) > F *, by Lemma l3.5l the cell problem has solution u{x,oj) which is sub- 
linear for a.e. w G fl. By above construction, (j) is also sub-linear for a.e. uj G fl. 
Fix such uj that both of 4>{x,ui) and u{x,ui) are sub-linear. So for any i5 > 0, 
u{x,Lij) — 4>{x,ijj) + d'Jx^ + 1 can achieve minimum at some point so 

X,5 

h{c) ^ F(n -k (lI{xi,uS) - 5 ,xs,uj) 

V^s + 1 


(5 —>■ 0 h{c) ^ maxF(n -|- (j)'{x, uj), x, uj) = F,, this is a contradiction. 

Thus h{c) = F, when c > c. □ 


Proof of theorem \l.S[ (1) comes from section 2. 

(2) If mn 7 ^ 0, by Theorem 13.61 with k{x,uj) = mv{x,uj), s(x,uj) = mv'(x,iAj). 
li m = 0, H(j)) = H{p,c) = \n\ = 1 > 0 = \m\ + sup mv(x,uj). 

(x,Uj)GRxfl 

li n = 0, H{p) = H(ji,c) = \m\ + sup mv{x,uj). 

{x,uj)^'FtxQ 
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(3) If mv = 0, then H{p) = H{p,c). 

Suppose H(m,n) = H{m,n,c) > iJ*. 

If mn 7 ^ 0 we must have v is constant, otherwise by Theorem 13.61 H{'m,n,c) > 
H(m,n) which gives a contradiction. By E[i;] = 0, we must have mv = 0. 

If m = 0 then mv = 0. 

If n = 0, this is impossible since H{m, n) = H{m, n, c) = H^. 

Thus mv = 0. □ 
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